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Abstract
This report discusses the focusing in the FODO cells along the linear
accelerators in a recirculating muon accelerator that is part of the ongoing
study of a neutrino factory in Europe. The quadrupoles for the focusing in
the FODO cells alternate with RF cavities that accelerate the muon beam.
The report derives the parameters of the FODO cells that accommodate
the muon beam with the assumed emittance. Two different styles of focus-





This report discusses the focusing in FODO cells along the linear accelerators in a
recirculating muon accelerator that is part of the ongoing study of a neutrino factory
in Europe [1]. The quadrupoles for the focusing in the FODO cells alternate with
RF cavities that accelerate the muon beam. In our design of the recirculating muon
accelerators [2], we give the parameters of the FODO cells that accommodate the
assumed muon beam emittance, but we did not much discuss the relations between the
parameters of the quadrupoles, the RF cavities and the muon beam. They are discussed
in Section 2.
2 FODO CELL PARAMETERS
Let us first consider the first FODO cell at the entrance of the linear accelerator, and
ignore the acceleration. The muon beam enters the cell with a normalised emittance
  that we assume to be equal in the horizontal and vertical directions, and relativistic
parameters

and  . Hence, the RMS beam radius  at a place where the transverse









Note that (1) implies my definition of   
    .
2.1 FODO Cell Length and Aperture
The aperture radius  of the FODO cells must be larger than  by a factor  . We
typically take  . In thin-lens approximation, the period length  , the phase
advance  , assumed to be equal in the horizontal and vertical plane, and the transverse
amplitude function









We choose  such that the ratio














81 . Putting the pieces together and solving for  ,
















81 , this becomes numerically for















We observe that the period length  is proportional to the square of the beam port
radius  , and hence to the square of the RF wavelength UWVYX , and proportional to the
ratio GT   . We use the I sign in (4) to make it clear that it gives the upper limit for
the period length  . We may verify (4) by inserting the parameters of the recirculating
linear accelerator cells [2]. With GZ;) GeV/c,  ( [ / K= mm, and \ .0/#.(]=] )=8 m




mm we again find the published value bc) ]0/F3=]  m for RLA2. At the
period lengths needed for the emittance, there is just enough space for one four-cell
LEP cavity between the quadrupoles of RLA1, and for a module of four such cavities
in RLA2.
The radius  of the beam ports of the RF cavities is related to the frequencies of the
RF systems in the whole neutrino factory. The currently favoured set of harmonically
related frequencies is 44, 88, 176 and 352 MHz, where the highest frequency is that of
the LEP RF systems [4, 5]. The value of  above is the radius of the beam ports in the
super-conducting LEP cavities, once the conical end pieces are removed.
The recirculating muon accelerators for a edYef collider must accelerate the ed
and the 
f
in opposite directions at the same time. In this case, the spacing of the RF
cavities must be a multiple of UWVYX1() as in LEP. It probably is a good idea to impose the
same condition on the recirculating muon accelerator for a neutrino factory, although




are accelerated at different times, and
possibly both in the same direction. In the current design, we have '()gch0UYVYX in
RLA1 and '()ia 30/ 80UYVYX in RLA2. Fig. 1 shows the optical functions in the first
cells of RLA1 and RLA2.
The super-conducting LEP cavities are only a firm basis for the design study of the
recirculating muon accelerators, since much is known about them. The total RF volt-
age in the recirculating muon accelerators is about 12 GV, much more than that in LEP.
Hence, the construction of a neutrino factory will use RF cavities with frequencies and
beam port radii that are optimised for the purpose of accelerating muon beams with a
large emittance. If the shape of the cavities is independent of their frequency, then the
ratio between  and the RF wavelength UYVYX is constant. In the LEP cavities, j(UYVYX is
about 0.117, in the 200 MHz single-cell cavity under study [6] it is about 0.133.
So far, we have discussed only the focusing in the first linear accelerator, paying
much attention to the RMS beam radii and the muon momentum at its entrance. At the
entrance of the second linear accelerator, the muon momentum is a factor 3/2 higher
[2]. According to (3) and (4), the period length  there could also be a factor 3/2 larger
than in the first linear accelerator, if this is convenient.
2.2 Quadrupole Length
The focal length k of the quadrupoles in a FODO lattice with equal phase advances 
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Figure 1: Amplitude functions z {}| and {}~ and phases |=(2 and ~(2 in the first
cell of the first linear accelerators of RLA1 (left) and RLA2 (right)
We may use it to calculate the length of the quadrupoles 2 in the first FODO cell at
the entrance of the linear accelerator, assuming that it has a field  at the aperture













Here Y=_¡ 0¢   =£(¤=£=¥=¦=¥(§ GV is the rest voltage of the muon, and  is the speed
of light.Using the radius of the beam ports of the RF cavities also for the quadrupole
aperture  is slightly pessimistic. Note that (6) is independent of the muon momentum.
With '(2¨Ł^ 0¢#  = =©  and   Ł









We may verify (7) by inserting the parameters of the recirculating linear accelerator
cells [2]. With ³Ł 0¢#£ T, gŁ 0¢F =§=§=(£ m, and  Ł  ¢#¥(¦ mm we retrieve the
published value 2BŁ[ =¢#´=¥  m for RLA1, and with  Ł[0¢F =§ mm 2JŁ[ 0¢F£=´=§ m
for RLA2. The lengths of the quadrupoles along the linear accelerators depend on
the assumption about the variation of the focusing there, which will be discussed in
Section 3.
3 FOCUSING ALONG THE LINEAR ACCELERATORS
There are two extreme possibilities for the focusing along the linear accelerator on the
first pass:
Constant betatron wavelength: The quadrupole strengths µ¶+ are varied along the
linear accelerator in proportion to the increasing muon momentum, such that the
betatron wavelength is constant.
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Constant strength: The quadrupole strengths ·¸¶¹2¸ are constant along the linear ac-
celerator. The betatron wavelength increases roughly in proportion to the increas-
ing muon momentum.
Hybrid schemes with constant strengths in sections of a linear accelerator can also be
envisaged.
3.1 Constant Wavelength Lattice
We have chosen a linear accelerator lattice with constant betatron wavelength on the
first pass [2]. In the first linear accelerator, the muon momentum increases from 2 to
3 GeV/c. Hence, the product ¹2¸ﬂ·¸ must also increase by a factor 3/2 between the first
and the last quadrupoles there. Similarly, in the second linear accelerator, the muon
momentum increases from 3 to 4 GeV/c, and ¹2¸·¸ increases by a factor 4/3. Fig. 2
shows the optical functions through the first linear accelerator of RLA1 and RLA2 on
the first pass. Because of the constant betatron wavelength, the graphs are rather dull.
0.0º 100. 200. 300.» 400.
s (m)¼
δ½ E/¾ p¿ 0 cÀ = 0º .
Table name = TWISS
Pass 1 through Linac 1 in muRLA1 at CERNÁ





































)µ x µ yË
0.0Ì 400. 800.Í 1200. 1600. 2000.
s (m)Î
δÏ E/Ð pÑ 0 cÒ = 0Ì .
Table name = TWISS
Pass 1 through Linac 1 in muRLA2 at CERNÓ






























)β x 1 /Û 2Ü β yÝ 1 /Û 2 µ x µ yÝ
Figure 2: Amplitude functions z {}| and {}~ and phases |(+ and ~(+ through
the first linear accelerators of RLA1 (left) and RLA2 (right) on the first pass in the case
of constant betatron wavelength
On the second, third and fourth pass through the linear accelerators, the muon beam
is less focused, because the muon momenta are higher than on the first pass. Hence,
the betatron functions {}| and {}~ at the entrance to the linear accelerators increase from
pass to pass. Furthermore, the relative increase of the muon momentum along the
linear accelerators is less than the relative increase of the product 2ﬂ . Hence, the
betatron functions {}| and {}~ decrease along the linear accelerators. Fig. 3 shows the
optical functions through the first linear accelerator of RLA1 and RLA2 on the fourth
pass, and demonstrates these effects.
The RMS beam radius, and hence the aperture needed, do not increase between
passes although the focusing becomes less. The reason is that the maximum value of
the { -function increases less rapidly than the betatron wavelength, because the ratio
between maximum and average { -function in a FODO cell becomes smaller when
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Figure 3: Amplitude functions z {}| and {}~ and phases |(+ and ~(+ through
the first linear accelerators of RLA1 (left) and RLA2 (right) on the fourth pass in the
case of constant betatron wavelength
the phase advance decreases, and because the unnormalized emittance is proportional
to the reciprocal of the muon momentum. This justifies a posteriori calculating the
aperture needed from the first cell at the entrance of the linear accelerator on the first
pass.
3.2 Constant Gradient Lattice
The engineering of the second possibility, constant strength, is easier, because all
quadrupoles in a linear accelerator are identical. Fig. 4 shows the optical functions
through the first linear accelerator of RLA1 and RLA2 on the first pass. Because of
the constant quadrupole gradients, the betatron wavelength and the { -functions in-
crease along the linear accelerators. However, the RMS beam radii are still largest
at the entrance of the linear accelerators, because the increase in the { -functions is
smaller than the increase in the muon momentum.
As was the case with constant betatron wavelength along the linear accelerators,
the muon beam is less focused on the second, third and fourth pass through the linear
accelerators, because the muon momenta are higher than on the first pass. Hence,
the betatron functions {}| and {}~ at the entrance to the linear accelerators increase
from pass to pass. Because of the relative increase of the muon momentum along
the linear accelerators, the betatron functions {}| and {}~ also increase along the linear
accelerators. Fig. 5 shows the optical functions through the first linear accelerator of
RLA1 and RLA2 on the fourth pass, and demonstrates these effects. The behaviour of
the optical functions through the second and third pass is intermediate between that on
the first and fourth pass, as one would expect.
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Figure 4: Amplitude functions z {}| and {}~ and phases |(+ and ~(+ through
the first linear accelerators of RLA1 (left) and RLA2 (right) on the first pass in the case
of constant quadrupole gradient
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the first linear accelerators of RLA1 (left) and RLA2 (right) on the fourth pass in the
case of constant quadrupole gradients
4 PARAMETER LIST
Tab. 1 shows the parameters of the linear accelerators in RLA1 and RLA2. The injec-
tion and ejection momenta are nice round numbers. Of course, the ejection momentum
from RLA2 has to be equal to the muon momentum in the storage ring. However, the
injection momenta into both RLA1 and RLA2 ought to be the result of a calculation,
rather than being fixed at the beginning. The number of passes is four in both RLA1
and RLA2. It might be better to adopt a smaller number for RLA1 and a larger one
for RLA2. In RLA1 and RLA2, an RF module consists of one and four four-cell LEP
cavities, respectively. The lengths of the FODO cells are 8 and 35 RF wavelength, re-
spectively. The total length of the linear accelerators is the sum of the length of the two
linear accelerators in the two opposite straight sections of the racetrack-shaped RLA1
7
Table 1: Parameters of the linear accelerators. Input parameters are marked by an
asterisk (  ).
RLA1 RLA2
 Injection momentum 2 10 GeV/c
 Number of passes 4 4
 Ejection momentum 10 50 GeV/c
 Frequency of RF system 352.209 352.209 MHz
 Radius of beam ports 0.09925 0.09925 m
 Number of RF modules 200 256
 Length of FODO cell 6.809 29.791 m
Total length of linacs 680.942 3813.28 m
 Phase advance in first pass/2* 0.212071 0.212071
Focal length of quadrupoles 2.754 12.0508 m
 Quadrupole field 0.5 0.5 T
Quadrupole length 0.48076 0.549445 m
Maximum

-function in linac 11.338 49.605 m
Normalized acceptance 1.8298 2.08839 mm
and RLA2. The length of each straight section is half that total length. The lengths
of the FODO cells are smaller than the values calculated in section 2.1 above. Hence
the normalized acceptances are larger than the normalized emittance   ³ /#<(<=3 mm.
In the case of constant quadrupole gradient, the figure for quadrupole field ·¸ and
length ¹+¸ apply to all quadrupoles in the first linear accelerator. In the case of constant
betatron wavelength, they only apply to the very first quadrupole next to the entrance
of the first linear accelerator. The product ·¸¶¹2¸ increases along the linear accelerator.
At its exit, it is a factor 3/2 higher than at the entrance. All the other figures in Tab. 1
apply to both cases, constant gradient and constant wavelength.
5 SUMMARY OF CELL DESIGN PROCEDURE
For given frequency of the RF system and cavity design, one has a fair idea about
likely values for the beam port radius  . The normalized emittance   of the muon
beam, and to a lesser extent also its momentum at injection are also given. One can
then use (3) or (4), and (6) or (7) to find an upper limit for the length of the FODO
cells and a lower limit for the length of the quadrupoles ¹2¸ . From these figures, one
gets an idea about the space available for the RF cavities, and other equipment needed.
One can then decide how to choose the number of cells in an RF cavity, and how to
package them in cryostats. Note that the length of RF cavities is quantized in steps
of half an RF wavelength. Fine adjustments are better done by small changes to the
8
muon momentum at injection. It is always best to pack the equipment into the FODO
cells as closely as possible, since this increases the accepted normalized emittance,
and minimizes the muon decay losses. We have done this in our designs of RLA1 and
RLA2 [2], where we assume four cells in a cavity as in LEP, packaged into cryostats
that contain one and four such cavities, respectively, and achieve emittances larger than
those required.
For the focusing along the linear accelerators, two schemes are presented: constant
betatron wavelength and constant quadrupole gradient. The engineering of the latter
scheme looks simpler, since the layout of the FODO cells and the RF cavities does not
change along the whole linear accelerator.
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